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Abstract
This article introduces a generalization for the Srivastava-Owa fractional operators in
the unit disk. Conditions are given for the fractional integral operator to be bounded
in Bergman space. Some properties for the above operator are also provided.
Moreover, applications of these operators are posed in the geometric functions
theory and fractional differential equations.
1 Introduction
Recently, the theory of fractional calculus has found interesting applications in the the-
ory of analytic functions. The classical definitions of fractional operators and their gen-
eralizations have fruitfully been applied in obtaining, for example, the characterization
properties, coefficient estimates [1], distortion inequalities [2] and convolution struc-
tures for various subclasses of analytic functions and the works in the research mono-
graphs. In [3], Srivastava and Owa gave definitions for fractional operators (derivative
and integral) in the complex z-plane C as follows:
Definition 1.1. The fractional derivative of order a is defined, for a function f(z), by








(z − ζ )α dζ ; 0 ≤ α < 1,
where the function f(z) is analytic in simply-connected region of the complex z-plane
C containing the origin, and the multiplicity of (z - ζ)-a is removed by requiring log(z -
ζ) to be real when (z - ζ) > 0.
Definition 1.2. The fractional integral of order a is defined, for a function f(z), by





f (ζ )(z − ζ )α−1dζ ; α > 0,
where the function f(z) is analytic in simply-connected region of the complex z-plane
(C) containing the origin, and the multiplicity of (z - ζ)a-1 is removed by requiring log
(z - ζ) to be real when (z - ζ ) > 0.
Remark 1.1. From Definitions 1.1 and 1.2, we have
D0z f (z) = f (0), limα→0I
α
z f (z) = f (z) and limα→0D
1−α












, μ > −1; 0 ≤ α < 1
Ibrahim Advances in Difference Equations 2011, 2011:55
http://www.advancesindifferenceequations.com/content/2011/1/55
© 2011 Ibrahim; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribution
License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium,












, μ > −1; 0 ≤ α < 0.
Further properties of these operators can be found in [4,5].
2 Generalized integral operator
For 0 <p < 1, the Bergman space Ap is the set of functions f analytic in the unit disk U
:= {z : z Î C; |z| < 1} with




∣∣f (z)∣∣pdA < ∞, z ∈ U,
and dA is denoted Lebesgue area measure.
To derive a formula for the generalized fractional integral, consider for natural n Î
N = {1, 2,...} and real μ, the n-fold integral of the form










2 dζ2 . . .
∫ ζn−1
0
ζμn f (ζn)dζn. (1)






















zμ+1 − ζμ+1)n−1ζμf (ζ )dζ .










2 dζ2 . . .
∫ ζn−1
0






zμ+1 − ζμ+1)n−1ζμf (ζ )dζ .
which implies the fractional operator type






zμ+1 − ζμ+1)α−1ζμf (ζ )dζ , (2)
where a and μ ≠ -1 are real numbers and the function f(z) is analytic in simply-con-
nected region of the complex z-plane C containing the origin, and the multiplicity of
(zμ+1 - ζμ+1)-a is removed by requiring log(zμ+1 - ζμ+1) to be real when (zμ+1 - ζμ+1) > 0.
When μ = 0, we arrive at the standard Srivastava-Owa fractional integral, which is
used to define the Srivastava-Owa fractional derivatives.
Theorem 2.1. Let a > 0,0 <p < ∞ and μ Î R. Then, the operator Iα,μz is bounded in
Ap and
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Proof. Assume that f (z) ∈ Ap. Then, we have









































, then we obtain
















































This completes the proof.
Next, we give semigroup properties of the integral operator.
Theorem 2.2. Let f be analytic in the unit disk. Then, operator (2) satisfies




z f , α > 0, β > 0. (3)
Proof. For function f by using Dirichlet technique yields
Iα,μz I
β,μ






















































By (4) and (5), we obtain
Iα,μz I
β,μ


























zμ+1 − ξμ+1)α+β−1ξμf (ξ)dξ
= Iα+β,μz .
(6)
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ν + μ + 1




































ν + μ + 1
μ + 1
) ,
where B is the Beta function. When μ = 0, we obtain Iαz z
ν = zα+ν
(ν + 1)
(α + ν + 1)
(see
Remark 1.1).
In the next section, we will define generalized fractional derivatives for an arbitrary
order. Some of its properties are discussed. Furthermore, applications involving this
operator are illustrated.
3 Generalized differential operator
Corresponding to the generalized fractional integrals (2), we define the generalized dif-
ferential operator.
Definition 3.1. The generalized fractional derivative of order a is defined, for a func-
tion f(z), by








zμ+1 − ζμ+1)α dζ ; 0 ≤ α < 1, (7)
where the function f(z) is analytic in simply-connected region of the complex z-plane
C containing the origin, and the multiplicity of (zμ+1 - ζμ+1)-a is removed by requiring
log(zμ+1 - ζμ+1) to be real when (zμ+1 - ζμ+1) > 0.
Example 3.1. We find the generalized derivative of the function f(z) = zν, ν Î R. In
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+ 1 − α
) z(1−α)(μ+1)+ν−1.
When μ = 0, we obtain Dαz z
ν = zν−α
(ν + 1)
(ν + 1 − α) (see Remark 1.1).
Next, we proceed to prove some relations of the generalized operators Iα,μz and D
α,μ
z





n, z ∈ U. (8)
By employing Theorem 2.2 and Example 2.1, we have the following proposition:
Proposition 3.1. Let f be analytic in U of the form (8). Then,
Dα,μz I
α,μ




z f (z) = f (z), z ∈ U.
4 Applications
In this section, we discuss some applications of the generalized operators (2) and (7) in
geometric function theory and fractional differential equations.
4.1 Distortion inequalities involving fractional derivatives
Let A denote the class of functions f(z) normalized by




n, z ∈ U. (9)
Also, let S and K denote the subclasses of A consisting of functions which are,
respectively, univalent and convex in U. It is well known that if the function f(z) given
by (9) is in the class S, then
|an| ≤ n, n ∈ N\{1}. (10)
Equality holds for the Koebe function
f (z) =
z
(1 − z)2 , z ∈ U.
Moreover, if the function f(z) given by (9) is in the class K, then
|an| ≤ 1, n ∈ N. (11)
Equality holds for the function
f (z) =
z
1 − z , z ∈ U.
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In our present investigation, we shall also make use of the Fox-Wright generalization
qΨp[z] of the hyperge-ometric qFp function defined by [6]
qψp
⎡




























































for suitable values |z| < 1.
Theorem 4.1. Let f ∈ S. Then,























(r = |z| ; z ∈ U; 0 < α < 1) ,
(12)
where the equality holds true for the Koebe function.
Proof. Suppose that the function f (z) ∈ S is given by (9). Then, by using Example
3.1, we obtain













+ 1 − α
) anz(1−α)(μ+1)+n−1, a1 = 1













+ 1 − α
)an+1zn.
Thus,













+ 1 − α
) (n + 1)rn













































= r(1−α)(μ+1)(μ + 1)α−121[r].
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In the same manner of Theorem 4.1, we have a distortion inequality involving the
Fox-Wright function, which is given by the following:
Theorem 4.2. Let f ∈ S. Then,
























(r = |z| ; z ∈ U; 0 < α < 1) ,
(13)
where the equality holds true for the Koebe function.
Theorem 4.3. Let f ∈ K. Then,






















(r = |z| ; z ∈ U; 0 < α < 1) ,
(14)
where the equality holds true for the Koebe function.
Proof. Suppose that the function f (z) ∈ K. is given by (9). Then, we pose













+ 1 − α
) rn













































4.2 Fractional differential equations
In this section, we focus our attention on the fractional differential equation of the
form





subject to the initial condition u(0) = 0, where u : U ® C is an analytic function for
all z Î U, and f : U × C ® C is an analytic function in z Î U. Let B represent complex
Banach space of analytic functions in the unit disk.
Theorem 4.4. (Existence) Let the function f : U × C ® C be analytic such that ||f||
≤ M; M ≥ 0. Then, there exists a function u : U ® C solving the problem (15).
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zμ+1 − ζμ+1)α−1ζμf (ζ , u(ζ ))dζ ; α ∈ (0, 1). (16)








zμ+1 − ζμ+1)α−1ζμf (ζ , u(ζ ))dζ
∣∣∣∣∣





∣∣∣(zμ+1 − ζμ+1)α−1ζμ∣∣∣ dζ





that is ‖Pu‖B = supz∈U
∣∣(Pu)(z)∣∣. We proceed to prove that P : S ® S is continuous
operator. Since f is continuous function on U × S, then it is uniformly continuous on a
compact set U˜ × S, where
U˜ := {z ∈ U : |z| ≤ , 0 <  < 1} .
Hence, given  > 0, ∃δ > 0 such that for all u,v Î S we have
∥∥f (z, u) − f (z, v)∥∥ < ε(α)
(μ + 1)1−αB(1,α)α(μ+1)
for ‖u − v‖ < δ, then














zμ+1 − ζμ+1)α−1ζμf (ζ , v(ζ ))dζ
∣∣∣∣∣












Thus, P is a continuous mapping on S. Now, we show that P is an equicontinuous
mapping on S. For z1, z2 ∈ U˜ such that z1 ≠ z2, then for all u Î S we obtain


















ζμf (ζ , u(ζ ))dζ
∣∣∣∣∣




















ζμf (ζ , u(ζ ))
∣∣∣∣dζ
























which is independent on u. Hence, P is an equicontinuous mapping on S. The
Arzela-Ascoli theorem yields that every sequence of functions from P(S) has got a
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uniformly convergent subsequence, and therefore P(S) is relatively compact. Schauder’s
fixed point theorem asserts that P has a fixed point. By construction, a fixed point of P
is a solution of the initial value problem (15).
Theorem 4.5. (Uniqueness) Let the function f be bounded and fulfill a Lipschitz con-
dition with respect to the second variable: i.e.,
∥∥f (z, u) − f (z, v)∥∥ ≤ L ‖u − v‖
for some L > 0 independent of u,v and z. If
L(μ + 1)1−αB(1,α)
(α)
< 1, then there exists
a unique function u : U ® C solving the initial value problem (15).
Proof. We need only to prove that the operator P in Equation 3 has a unique fixed
point.














zμ+1 − ζμ+1)α−1ζμf (ζ , v(ζ ))dζ
∣∣∣∣∣





∣∣∣(zμ+1 − ζμ+1)α−1ζμ∣∣∣× ∣∣f (ζ , u(ζ )) − f (ζ , v(ζ ))∣∣ dζ
≤ L(μ + 1)
1−αB(1,α)
(α)
‖u − v‖ .
Then, for all u,v, we obtain
‖Pu − Pv‖ ≤ L(μ + 1)
1−αB(1,α)
(α)
‖u − v‖ .
Thus, the operator P is a contraction mapping then in view of Banach fixed point
theorem, P has a unique fixed point which corresponds to the solution of the initial
value problem (15).
5 Conclusion
From above, we made a generalization to one of the most important differential and
integral operators (Srivastava-Owa operators) of arbitrary order in the unit disk. We
found that the generalize integral operator satisfying the semi-group property. Further-
more, their applications appeared in the theory of geometric functions and fractional
differential equations by establishing the sufficient conditions for the existence and
uniqueness of Cauchy problem in the unit disk.
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